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Objective: In this lesson, you learn
O How to evaluate integrals of certain forms using trigonometric substitutions.
. . L Y= a=x®
I. Trigonometric Substitution. jl o x*

Problem: Find the area of a circle or an ellipse. i.e. 2
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Note that the difference between the substitution v = a2 — 22 and 2 = asin6 is

e u=a%—2% u (new) is a function of (old) z

o z=asinf, z (old) is a function of (new) 6.

In general, to integrate | f(z)dz, we can make a substitution of the form x = g (¢) by using
the Substitution Rule in reverse, called an inverse substitution. To make the calculations
simpler, assume that ¢ has an inverse function, that is, z = g (¢) is a one-to-one function. So

if x = g (t), then
[ @) do=[£ia0)g @)t
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Example 1: Integrate / Va2 — x2dx
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Trigonometric substitution:

Here are trigonometric substitutions:

a. For the expression va? — 22, make a substitution & = asin @ defined on [—7/2, 7/2], and
use the identity 1 — sin?f = cos?6.

b. For the expression va? + 22, make a substitution z = atan0 defined on (—m/2, 7/2),
and use the identity 1 + tan29 = sec?4.

c. For the expression ake a substitution z = asecf defined on [0, 7/2) or
[m, 3m/2), and use the identity sec?§ — 1 = tan?¢.

—o0=bd swmg =0

1 -0
Example 2: Evaluate / 23\/1 — a2dx. =26
o A X=(= Cwme=
- ="~

= cose - e

1 3
l/qu_';l’S\\/)G:’ CQj@J\J d L/l)
- (o) -G 3

(i e (5T e

—_ jg]\je cosd COJGQ(@

- fmf@ g d6
— 553\:—6 @)}6 sSn &G &6

JQ cos@) cosg 116 (6

R AL
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1
Example 3: Evaluate / mdw.

)
x=tmg — dx=Secd 6

24
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2.
K= 5 om0 — [Tz 2sef2 39

Example 4: Evaluate /
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